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Abstract. In this paper, some classes of discrete functions of fc-valued 
logic are considered, that depend on sets of their variables in a partic- 
ular way. Obtained results allow to "construct" these functions and to 
present them in their tabular, analytical or matrix form, that is, as hy- 
percubes, and in particular Latin hypercubes. Results connected with 
identifying of variables of some classes of functions are obtained. 



1. Introduction, Definitions and Notation 

Let Ek = {0, 1, . . . , k — 1}, k > 2. The set of all functions of n variables 
of k— valued logic is denoted by P%, where P% = {/ : — ► E^}. 

A matrix of m rows and m columns is denoted by Ha^H™ and is called 
a 2— dimensional matrix of order m. By ||frj 1 i 2 ...iJli we wm denote the n— 
dimensional matrix of order k, which is referred to as an n— dimensional 
hypercube of order k by some authors [5]. Each function f(x\, X2, • • • , x n ) £ 
P% , by using the equality 

(1) a>ixi2...i„ = f(%i = «'i - 1, %2 = «2 - 1, • • • , x n = i n -l), 

can be presented in the matrix form ||diii 2 ...j ra ||i as an n ~ dimensional hy- 
percube of order k, based on the set E^, 

Latin squares and hypercubes have their applications [5] in coding the- 
ory, error correcting codes, information security, decision making, statistics, 
cryptography, conflict-free access to parallel memory systems, experiment 
planning, tournament design, etc. 

Each n— dimensional matrix A = ||ai 1 i 2 ...i„||i °f order k is called a Latin 
(Permutational) n— dimensional hypercube of order k, based on the set E^, 

k 

if for each s, s = 1, 2, . . . , n, we have \^){ai 1 ...i a _ 1 ji s+1 ...i„} = \Ek\ = k = 

3=1 

|{Oii...« s _i 1 i s+1 ...i n } U {di 1 ...i s _ 1 2 i s+1 ...i n } U ... U {Oj 1 ...i s _ 1 k i s+ i...i n }\- 

Every function obtained from / by replacing the variables of M, M C 
Xf,0 < \M\ < n, with constants is called a subfunction of / with respect to 
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M. The notation g -< / (g -< /) means that 5 is a subfunction of / (with 
respect to M). 

If 5 ~< f (g is a subfunction of / ), then the matrix representation of 5 is 
a hypercube which is a subhypercube of the hypercube of function /. 

[3 J Range of function f(x\, x<2, ... , x n ) is the number of different values 
which this function assumes, and by Rng(f) and Xf = {x±, x%, . . . , x n } we 
denote the range and the set of variables of function /, respectively 

By Pn' q , 1 < q < k we denote the set of all functions belonging to P% and 
having range equal to q, that is, which assume exactly q different values. 

Definition 1.1. [3j If M is a set of variables of the function f and G = 

{9 '■ 9 /} is the set of all subfunctions of f with respect to M = Xf \ M , 
then the set Spr(M,f) = {Rng(g)} is called spectrum of the set M for 

g eG 

the function f . 

If M = Xf , then Spr(Xf, f) = {Rng(f)}. For each function of one 
variable g(x) £ P^, since {x} = X g , we have Spr({x}, g) = Spr(x,g) = 
{Rng(g)}. 

If for the function / we have Spr(M, f) = {q}, 1 < q < k, this means 
that each subfunction g of / with respect to M has range equal to q, that is, 
Rng(g) = q, and the matrix representation of g is a hypercube that contains 
exactly q different elements. 

Definition 1.2. [2] We say that f(x±, X2, ■ ■ ■ , x n ) is an H— function if for 
every variable Xi, 1 < i < n, n > 2 and for every n + 1 constants 
ai, . . . , dj-i, a' , a" , aj+i, . . . , a n € with a' 7^ a" we have 

/(ai,..., a»_i, a, aj + i,..., a n ) ^ /(01, ■ ■ ■ , a", aj+i,..., a n ). 

The matrix form of every H— function from P% is a Latin hypercube [1]. 

2. Main Results 
Let a, b, c, c^, 6j, i = 1, 2, . . . , re, be elements of the set 

Lemma 2.1. // £/ie function g(x\, X2, • • • , x n ) G Pn ,q , 1 < q < k and 

f(x\, X2-, • • • , x n ) = (a.5 + b) mod k where (a, k) = 1, that is, a and k 
are coprime numbers, then Rng(f) = Rng(g) = q. 

Proof. From g E Pn' q , that is, Rng(g) = q, it follows that the function g 
assumes q different values. Let these values be ci, C2,...,c g , where q / 
Cj when i ^ j, i,j = l, 2, . . . , q. Then < ac\ + b, 002 + b, . . . , ac q + 
b > mod A; are the values, assumed by function /. If these values are 
different with respect to mod k, it would follow that Rng(g) = Rng(f). 
Assume the contrary, that there exist i / j such that acj + b = acj + 
b mod k. After calculation we get a(cj — Cj) = mod k, and since (a, k) = 
1, it follows that Cj = Cj, which contradicts to the assumption that Q 7^ 



ON SOME CLASSES OF FUNCTIONS AND HYPERCUBES 



3 



Cj. The obtained contradiction is due to the assumption that among the 
values ac\ + b, ac 2 + b, . . . , ac q + b there are values which are equal by 
mod k. Therefore f(xi, X2, ■ ■ ■ , x n ) also assumes q different values and 
hence Rng(f) = Rng(g) = q. □ 

Corollary 2.1. Let f, g E P%- If f(x±, . . . , x n ) = (a.g + b) mod k, 
{a, k) = 1, M C X f = X g = { Xl , . . . , x n }, then Spr(M, f) = Spr(M,g). 

We will say that a set P is partitioned into the nonempty sets 
(Pi, P 2 ,..., P s ), s>l, if: 

1) Pi n Pj = 0, for i + j, i, j G {1, 2, . . . , s}; 2) P = P 1 U P 2 U . . . U P s . 

Let the ordered s— tuple S = (X\, X 2 , ■ ■ ■ , X s ), 1 < s < n, be a partition- 
ing of the set Xf = {x\, X2, ■ ■ ■ , x n }, and vector q = (qi, q 2 , ■ ■ ■ , q s ), 1 < 
ft < k, i = l, 2, . . . , s. 

Definition 2.1. T/ie function f E P% is called H(S, q)— function if for each 
set of variables Xj, i = 1, 2, . . . , s, we have Spr(Xi, f) = {qi}- 

If y = Xj 2 , . . . , Xj r }, for the sake of brevity, the function 
h(xi 1 , Xi 2 , . . . , Xi r ) is denoted by h(Y). 

Theorem 2.1. // the ordered s— tuple S = (X\, X 2 , ■ ■ ■ , X s ), 1 < s < n, is 
a partitioning of the set Xf = {x\, . . . , x n }, vector q = (q±, q 2 , ■ ■ ■ , q s ), 1 < 

qi < k, the functions fi(Xi) € P\x\i ( a *' ^) = ^' * = ^' ^' • • • > s > ^ en 
function f(x ll x 2 ,..., x n ) = [ai/i(Xi) + a 2 f 2 (X 2 ) + . . . + a s f s (X s )] mod k 
is an H(S, q}— function. 

Proof. Let Xi, 1 < i < s, be an arbitrary set of variables and g{ be an 

x~ 

arbitrary subfunction of / with respect to Xi = Xf \ Xi, that is, gi -< /. 

Since g{ is obtained from / by replacing all variables of / from Xi with 

constants, then gi(Xi) = [ciifi(Xi) + Cj] mod k, where Cj is a constant. 

From Lemma I2TT1 it follows that Rng(gi) = Rng(fi) = qi. Since subfunction 

gi was chosen arbitrarily, it follows that each subfunction of / with respect 

to Xi has a range equal to qi , and therefore Spr(Xi, f) = {qi}. Because the 

set of variables Xi was also chosen arbitrarily, it follows that for each i, i = 

1, 2, . . . , s we have Spr{Xi, f) = {qi}, that is, the function f(x\, . . . , x n ) is 

an H(S, q)— function. □ 

From Theorem 12.11 when a± = a 2 = ■ ■ ■ = a s = 1, it follows: 

Corollary 2.2. If the ordered s— tuple S = (Xi, X 2 , . . . , X s ), 1 < s < n, is 
a partitioning of the set Xf = {x\, . . . , x n }, vector q = (qi, q 2 , . . . , q s ), 1 < 

qi < k, the functions fi(Xi) G Pp^j' * = 1> 2,..., s, then the func- 
tion f(xi, x 2 , . . . , x n ) = [fi(Xi) + f 2 (X 2 ) + . . . + fs(X s )] mod k, is an 
H(S, q)— function. 

Example 2.1. ''Construct 11 an H{S,q)— function of the set P|, where 
S=(X 1 ,X 2 ), q=(3,2), X 1 = {x 1 ,x 3 },X 2 = {x 2 }. 
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Let fi(Xi) = fi(xi,Xs) and /2OX2) = /2OC2) be arbitrary functions of the 
sets P2' 3 an( l Pi ' ) respectively, given in their tabular form in Table [U 
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Table 1. 



According to Corollary 12.21 the function f(xi, X2, £3) = [/i(xi, X3) + 
72(^2)] mod 3 is an H(S, q) — function of the set P| . Consecutively we get: 
/(0,0,0) = [/i(0,0) + / 2 (0)] mod 3 = [2 + 1] mod 3 = 0, and so on, and 
results are systematized and entered in Table [2l Except for in tabular form, 
according to equality JT|), the function /(xi, X2, X3) is also represented in 
matrix form. 



Xl 


X2 


X3 


a-iji 


/ 




Xl 


X2 


^3 




/ 




Xl 


^2 


^3 




/ 











am 







1 








0211 


2 




2 








a.311 


1 








1 


«112 







1 





1 


«212 


2 




2 





1 


0312 











2 


«113 


1 




1 





2 


^213 


2 




2 





2 


«313 


2 





1 





«121 


2 




1 


1 





«221 


1 




2 


1 





«321 








1 


1 


«122 


2 




1 


1 


1 


«222 


1 




2 


1 


1 


«322 


2 





1 


2 


«123 







1 


1 


2 


^223 


1 




2 


1 


2 


«323 


1 





2 





Ol31 







1 


2 





«231 


2 




2 


2 





«331 


1 





2 


1 


Ol32 







1 


2 


1 


&232 


2 




2 


2 


1 


«332 








2 


2 


«133 


1 




1 


2 


2 


^233 


2 




2 


2 


2 


«333 


2 



Table 2. 



In the special case when s = n, Xi = {xi}, i = 1, 2, . . . , n, the function 
/(xi, X2, • • • , x n ) G .P^ is called g7/— function if for each variable Xi we have 
Spr(xi,f) = {qi}, where g = (gi, g 2 , • • • ,q n ), l<Qi<k, i = 1, 2, . . . , n. 

From Theorem 12.11 we get: 

Corollary 2.3. // the functions fi(xi) <G P* ,qi , (a*, fc) = 1, 1 < g^ < k, 
i = 1, 2, . . . , n, vector q=(qi, q2, ■ ■ ■ ,Qn), then the function 
/(xi, x 2 ,...,x„) = [ai/i(xi) + a 2 / 2 (x 2 ) + ••• + a n f n (x n )] mod k is a 
qH— function. 

If / is a qH— function and in the hypercube corresponding to its matrix 
form we fix all indices, except the i— th index, by arbitrary values, then we 
obtain a one-dimensional matrix of order k, which contains exactly (ft, i = 
1, 2, . . . , n, different elements. 
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In other words, if ||ai 1 i 2 ...ij|i is the matrix form of a qH— function, where 

k 

{ Oil. j i r+1 ...i n } 

3=1 



q = (qi, Q2, ■ ■ -,q n ), then 



1, 2, 



n. 



Since each function h 6 P k,qi is of the form h 



1 ... k-V 
bi b 2 ... b k 

where bi € E/~, i = 1, 2,..., then it can be written in the analytical 
form y = h(x) by using an interpolating polynomial [1] or in the following 
determinant form: 
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Similarly to Example 12.11 using Corollary 12.31 we could "construct" an qH— 
function which, in addition to tabular and matrix form, could also be ex- 
pressed in analytical form. 

In the special case when s = n, Xi = {xi}, i = 1, 2, . . . , n, vector 
q = (q, q, . . . ,q), that is, qi = qi = . . . = q n = q, 1 < q < k, the function 
/ € P k is called an H (q)— function if for each variable Xi the following 
equality holds: Spr(xi, f) = {q}, i = 1, 2, . . . , n. 

From Theorem 12.11 we get: 

Corollary 2.4. // f/ie functions fi(xi) € P^' 9 , (a^, fe) = 1, 1<?<A;, 

i = 1, 2,..., n, then the function /(xi, X2,..., x n ) = [ai/i(xi) + 

02/2(^2) + . . . + a n f n (x n )] mod k is a H(q)— function. 

Similarly to Example 12. 11 on the basis of Corollary [23] we can "construct" 
H (q)— functions. 

Theorem 2.2. The function f G P% is an H(q)— function if and only if each 
subfunction of f, depending on at least one variable, is an H(q)— function. 

Proof. (Necessity) Let the function / € P k be an H(q)— function and g be 
an arbitrary subfunction of /, for which \X g \ > 1. We will prove that g is 
an H(q)— function. 

Assume that g is not an H(q)— function. Therefore, there exists a variable 
x r £ X g , such that Spr(x r ,g) ^ {q}, that is, there exists a subfunction h, 

Xg\x r 

{h ~< g}, such that Rng(h) ^ q. 

X g \x r Xf\x r 

Since h -< g, g ~< /, it follows that h -< f. From Rng(h) ^ q and 

Xf\x r 

h -< /it follows that Spr(x r ,g) / {q} and / is not an H(q)— function, a 
contradiction. Therefore, g is an H(q)— function. 
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(Sufficiency) Let each subfunction of /, depending on at least one vari- 
able, be an H(q)— function. We will prove that the function / is also an 
H(q)— function. Assume that / is not an H(q)— function, that is, there 
exists a variable x r € Xf such that Spr(x r ,f) ^ {q}. Hence there ex- 

Xf\x r 

ists a subfunction g, g -< /, g{x r ) € P\ , and since {x r } = X g , then 
Spr(x r ,g) = {Rng(g)} ^ {q} 7 that is, g is not an H (q)— function, a contra- 
diction. The obtained contradiction is due to the assumption that / is not 
an H(q)— function. □ 

In the special case when s = n, X{ = {xi}, % = 1, 2, n, vector 
q = (k, k,...,k), that is, q\ = #2 = • • • = In = k, the function / € P% is 
called an H (k)— function or simply H— function if for every variable Xi, i = 
1, 2, . . . , n we have Spr(xi, /) = {k}. 

The reason for the above definition is the proved fact [4] that matrix 
form of each H— function is a Latin hypercube and a function / € P k is 
an H— function if and only if for each variable Xi, i = 1, 2, . . . , n we have 
Spr(xi,f) = {k}. 

Taking into account Theorem 12.11 we obtain: 

Corollary 2.5. If the functions fi(xi) € P^' k , that is, they are bijective, 
{a,i, k) = 1, i = 1, 2, . . . , n, then the function f(x\, X2, ■ ■ ■ , x n ) = 
[ai/i(xi) + 02/2(^2) + • • • + CL n f n (x n )\ mod k is an H— function, and its 
matrix form is an n— dimensional Latin hypercube of order k, based on the 
set Efc. 

H— functions are special case of H(S, qj— function. All classes of functions, 
considered up to now, can also be viewed as a generalization of H— functions, 
and their matrix forms as a generalization of Latin hypercubes. 

Corollary 2.6. If the functions fi(xi) are bijective, i.e. fi(xi) £ P^' k , i = 
1, 2, . . . , n, then the function f(x±, . . . , x n ) = [/i(xi) + 72(^2) + • • • + 
fn(xn)] rnod k is an H— function. 

Prom the fact that every function of the form h(x) = ax + b is bijective 
and from Corollary 12.61 we get: 

Corollary 2.7. [lj // (aj, k) = 1, i = 1, 2, . . . , n, then the function 
f(x%, X2, • • • , x n ) = [aixi + 02X2 + . . . + a n x n ] mod k is an H— function, 
and its matrix form is an n— dimensional Latin hypercube of order k, based 
on the set E}.. 

Prom Theorem 12.21 when q = k we obtain: 

Corollary 2.8. [7] A necessary and sufficient condition for the function 
f € P k to be an H— function is that each subfunction of f depending on at 
least one variable to be an H— function. 

The function obtained from / after replacing (identifying) variables 
Xj 1} Xj 2 , . . . , Xj t by variable z is denoted by f(xj 1 = Xj 2 = ■ ■ ■ = Xj t = z). 
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Theorem 2.3. Let f(x) G pf' 9 , gi(x{) = [aif(xi) + bi] mod k, (di,k) = 
1, i = 1, 2, . . . , re, and (a 3l + aj 2 + • • • + a,j t , k) = 1, 1 < i < re. When we 
identify variables Xj 1 , xj 2 , . . . , Xj t of the function 

h(x 1 , x 2 , ■ ■ ■ , x n ) = [gi(xi) + 02(^2) + • • • + g n (x n )} mod k 

with a new variable or with any of them, we obtain an H(q)— function be- 
longing to the set 1# 

Proof. From f(x) G pf' 9 , gi(xi) = [aif(xi) + bi] mod k, (ai,k) = 1 and 
Lemma [2.11 it follows that gi(xi) G P 1 ' q , i = 1, 2,..., n, According to 
Corollary 12.41 we can conclude that h(x±, X2, ■ ■ ■ , x n ) is an H(q)— function 
of P*. Let Xj 1 = Xj 2 = ■ ■ ■ = Xj t = x. Then 

9h fai ) + 9j 2 Ocja ) + -" + 9j t {xj t ) 

t 

= ^2( a j r f( x ) + K) = ( a h + a j2 + --- + a jt )f{x) + d, 
r=l 

where d = bj 1 +bj 2 + ■ ■ ■ + bj t . From (aj 1 + aj 2 + • • • + a Jt , fe) = 1, f(x) G P-f' 9 
and Lemma 12.11 it follows that [(a^ + aj 2 + • • • + aj t )f{x) + d] mod A; is a 
function of P 1 ' 9 . Applying again Corollary 12.41 to function h(xj 1 = Xj 2 = 
■ ■ ■ = Xj t = x), we complete the proof of the theorem. □ 

Corollary 2.9. Let f(x) G P^' 9 , gi(xi) = [a.f(xi) + bi] mod k, (a,k) = 
1, i = 1, 2, . . . , n, (f, fc) = 1, 1 < t < n. When identifying any t variables 
of function h(x±, X2, • • • , x n ) = [gi{x\) + 92(^2) + • • • + g n {x n )] mod k with 
a new variable or with any of them, we obtain an H(q)— function belonging 
to the set P%_ t+1 . 

When q = k, Theorem 12.31 and Corollary 12.91 refer to H— functions. 

Example 2.2. "Construct" an H— function h(x\, X2, X3) of the set Pf , 
such that h(x\ = X3 = z) = h(z, X2, z) and h(z, X2, z) be an H— function 

of Pi. 

Let /(x) G Pi' 3 and f(x) = f J \ f\ = 1 + ^p 2 ^ where the an . 

alytic expression is obtained by using an interpolating polynomial. Let 

h(xi, x 2 , 23) = [gi(xi) +52(^2) +53(^3)] mod 3, where g\[x{) = [2/(xi) + 
1] mod 3 = [2xi] mod 3, g 2 {x2) = [/(^2) + 2] mod 3 = [ 5x2 2 3:12 ] mod 3, 
53(^3) = [2/(3:3) + 2] mod 3 = [1 + 2x3] mod 3. For the function h we get: 
h{x\, x 2 , X3) = [1 + 2xi + 5x2 2 3x ' 2 + 2x3] mod 3. Then 

h\(z, x 2 ) = h(z, x 2 , z) = [1 + z + 5x2 3x 2 j mo ^ 3 
In Table[3l the function hi(z, x 2 ) is given in both tabular and matrix form. 
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Table 3. 
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